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ABSTRACT: Expressions for the unperturbed mean-square radius of gyration, unperturbed mean-square dipole 
moment, and unperturbed mean-square optical anisotropy have been obtained for a molecule consisting of three 
branches which emanate from a common atom, using rotational isomeric state theory. The results are equally valid 
for homopolymers and copolymers, and for molecules in which the branches are of identical or different lengths. 
With the exception of a matrix occurring a t  the branch point, the dimensions of the generator matrices are no larg- 
er than those required for a linear molecule. The procedure adopted can be extended to treat more highly branched 
molecules. 

The radius of gyration of branched macromolecules has 
been treated using random flight statistics.2-10 In some 
cases allowance has been made for chain s t i f f n e ~ s . ~ - ~  How- 
ever, the effect of short-range interactions arising from a 
particular covalent structure has not been evaluated by the 
rigorous application of rotational isomeric state theory. A 
previous communication" described the procedures re- 
quired in order to obtain the configuration partition func- 
tion, evaluated using the rotational isomeric state approxi- 
mation, for a macromolecule containing any number of 
branches. Expressions were also obtained for the a priori 
probability that a bond (or pair of adjacent bonds) would 
be in a particular rotational state (or combination of rota- 
tional states). The present goal is to utilize the configura- 
tion partition function for a macromolecule consisting of a 
main chain and one branch (3-star) in order to obtain ex- 
pressions for the unperturbed mean-square radius of gyra- 
tion, mean-square dipole moment, and mean-square opti- 
cal anisotropy. The procedure adopted will be similar to 
that used by Flory12 in the treatment of a linear molecule. 
Subsequent communications will present numerical results 
computed for various covalent structures, and provide a 
comparison of the results so obtained with predictions 
based on random flight statistics. 

Structure Treated 
A diagrammatic representation of the molecule under 

consideration is shown in Figure 1. The symbols j A i ,  j l i ,  

and ;Ui represent atom, bond vector and statistical weight 
matrix i in branch j ,  respectively, and n j  is the number of 
bonds in branch j .  The atom from which branching occurs 
is considered to be the last atom in branch 1. The configu- 
ration partition function, 2, for this molecule is (1).l1 

Terms such as lU1(nl) represent the product of n1 succes- 
sive matrices, commencing with 1U1.12 Terminal matrices 
are defined in eq 2-4.12 The symbol @ denotes the direct 

,Ui = row( l ,O, .  . . ,O) (2) 

2U"2 = c o l ( l , l , .  . . ,1) 

3Un3, = c o l ( l , l , .  . . ,1) 
(3) 

(4 ) 

product, and zU1 8 BU1 is the rectangular matrix defined in 
ref 11. 

Configuration-Dependent Quantities for a Specified 
Conformation 

Chain Displacement Vector. The chain displacement 
vector, r h k ,  connecting atom h with k in a linear molecule, 
has been treated by Flory.12J3 A change in notation will be 
required for a branched molecule because r h k  is ambiguous 
if a branch point occurs between atoms h and k .  This ambi- 
guity can be resolved by the selection of an appropriate 
chain (which may consist of more than one branch), with 
the atoms and bonds in the chain numbered in succession, 
and the specification of the sequence of the branches which 
constitute the chain. The sequence of branches which con- 
stitute the chain will be written as subscripts preceeding r. 
Thus the chain displacement vector connecting 1 A h  with 
, A h  ( i  = 2 or 3) will be written as l , [ r h , n l + k .  

Following the procedures utilized for a linear mole- 
cule,'2~1'3 we obtain (5) for y r h k .  The first pseudo row and 

8 - 1 2 2 2  

( 5 )  

last column of [ / A h  are denoted by [ / A [ h  and I J A h ] ,  respec- 
tively, and the subscripts preceeding A h  have the same sig- 
nificance as the subscripts preceeding r h k .  The transforma- 
tion matrix and bond vector for bond h in the chain formed 
from branches i and j are denoted by r J T h  and l j l h ,  respec- 
tively. The elements in I J T h  and , , T n , + , , + l - h  are not neces- 
sarily identical (even though these transformation matrices 
are associated with the same bond in the molecule) be- 
cause, while l l &  = l l & , + n l + l - h ,  it is not necessarily true 
that 1jOh = j i O n , + n , + l - h .  In Contrast, l l l h  = J r l n , + n , + I - h  be- 
cause the length of the bond is the only nonzero element. 
Elements of l l T l  are assigned as for T1 in the linear mole- 
cule. l 2  Rectangular null matrices of the appropriate dimen- 
sions are represented by 0. The chain displacement vector 
connecting the free end of branch i with the free end of 
branch j is IJrO,n,+n,. 

Square of the Magnitude of the Chain Vector. Pro- 
ceeding in analogy to the treatment of a linear mole- 
~ u l e , ' ~ ~ ' ~  we obtain ( 7 )  for , j r h k 2  = J l r , , + n l + l - k n , + n , + l - h  2 . 
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Figure 1.  Diagrammatic representation of a molecule consisting of 
three branches emanating from a common atom. 

The square of the distance between the free ends of 
branches i and j is obtained from (7) when h = 0 and k = 
n, + n,. The postsubscripts [h + 1 and k] signify the first 
row and last column, respectively, of the indicated genera- 
tor matrix. 

Dipole Moment. The dipole moment, p, can be obtained 
through replacement of 1,,1h by LJmh, which contains the di- 
pole contribution of group h.12 This vector shares with the 
transformation matrix the property that L)mh is not neces- 
sarily equal to Jrmn,+n,+l-h, even though the bond referred 
to is the same in each case. The dipole moment is the sum 
of the moments associated with each bond, as shown in (9), 
which is equivalent t o  (10). Subtraction of the last sum in 

(10) is required because the group dipole moments in 
branch 1 are each counted twice in the double sum. Evalua- 
tion of the sums in (10) can be accomplished using the pro- 
cedure appropriate for a linear m o l e c ~ l e . ~ ~ J ~  The substitu- 
tion of [,mh for each ,jlh is required for each rJAh. 

Squared Magnitude of the Dipole Moment. The 
square of the magnitude of the dipole moment, pz, is ob- 
tained from (12). The subtraction is required because each 

2 2 ( i j m h r ) ( i j T h ' k - k ' ) (  i Jm ' k )  } - 
O < h < k a n . + n .  1 J  

{ i j p p l :  + 2 ( j j m h T ) ( i j T h " h ' ) ( i j m h ) )  

l S i S 3  I s h S n i  O < h < k S n i  

(12) 
j f  i 

mh-rnk in which h and k are in the same branch has been 
counted twice in the summations involving chains. Use of 
the methods appropriate for a linear  chair^^^-'^ produces 
(13) .  

The Squared Optical Anisotropy. As in the case of a 
linear m o l e c ~ l e , ~ ~ ~ ~ ~  h, the anisotropic part of the molecular 
polarizability tensor, a, will be treated as the sum of contri- 
butions hi from the various units. The 9 X 1 column vector 
hC has the elements of h in "reading order", and &R is the 
row form of hC.I2 The squared optical anisotropy, y2, for 
the branched molecule, when the molecules are indepen- 
dent and uncorrelated, is given by (14). The subtraction oc- 

curs for reasons similar to those required in (12). As with 
LJmhr ,,,&hC and Jr&n,+n,+l-hC are not necessarily identical, 
even though they refer to the same bond in the branched 
macromolecule. Evaluation of (14) via generator matri- 

C (i j P L i )  ( i  j P z ( n i - 2 ) )  ( i j P n ,  1) ( 1  5 )  
f l < i * 3  

J#  i 

ces12,16 yields (15). The first row and last column of P h  are 
denoted by the postsubscripts [h and h ] ,  respectively. 

1 2GR(T @ T )  h2 
i j p k  = [! 8 T 6'1 ( 1 6 )  

Squared Radius of Gyration. The squared radius of 
gyration, s2 ,  for a chain containing n + 1 atoms, not neces- 
sarily of the same mass, is given by (17). In this section mh 

i j  ' h  

represents the mass of atom h,  a usage different from that 
encountered in the section concerning the squared magni- 
tude of the dipole moment. Indices h and k range indepen- 
dently from 0 to n in the sum involving mhmk in (17). 

The squared radii of gyration of the atoms in the three 
branches of the molecule in Figure 1 are given by (18) and 
(19). The squared radii of gyration of the chains formed 

i = 2 , 3 ;  j f i (19) 
from branch 1 and branch i (i = 2 or 3) are shown in (20). I t  
will be convenient to use a slightly different expression, 
(21), for s%: j2  because the atom a t  the branch point is con- 
sidered to belong to branch 1. An alternative form for ~ 2 3 ~  

is (221, in which n.:lmn,, the mass of the atom a t  the branch 
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i = 2 ,3  

point, is assigned the value of zero. The squared radius of 
gyration of the entire molecule, s2 ,  can be obtained from 

s232 = { OShQn2+n3 OaSn2+n3 ( 2 , 3 f i 2 h ) ( 2 , 3 n z k ) } - i  

Rfn2 
h#n2 

( 2 , s  f i zh )  (2.3 ???k) (2, 3Yhk2) (2 ) 
0s he kQ n2 +n3 

h#n2, kCnZ 

the above radii using a procedure related to that adopted 
for p2. The indices h and k in the first term in (23) are un- 

( 2 , 3  %) (2.3 mk)  (2, 3rhk2) (Z2) 
0 S h < k S n2 + "3 

213mn2 = 

derstood to range independently over all of the n l  + n2 + 
n3 + 1 atoms in the molecule. 

s2 = 

The double sums involving r h k 2  in eq 18-20 and 22 are 
obtained by a procedure analogous to that used for a linear 

i = 2 ,  3 ; j  # i 

chain (see Appendix) and are presented in eq 24-27, re- 
spectively. The generator matrix i;& is presented in (28). 
Substitution of eq 24-27 into (23) gives s2. 

Statistical Mechanical Averages Over Configuration 
Space 

Alternative Expressions for  t h e  Configuration Par- 
tition Function. The statistical mechanical average of a 
configuration-dependent molecular property f can be ob- 
tained from the expression for that property in a specified 
conformation of the branched molecule by procedures 
closely related to those appropriate for linear molecules.12 
It  will be necessary to be able to write the configuration 
partition function in a fashion where the statistical weight 
matrices occur in the order appropriate for the chain under 
consideration. The expression for 2 in (1) is appropriate if 
the chain under consideration is branch 1 followed by 
branch i (i = 2 or 3). However, if the chain is branch 2 fol- 
lowed by branch 3, the statistical weight matrices in (1) will 
not appear in the order corresponding to the sequential ar- 
rangement of the bonds in the chain. 

Since the configuration partition function is a property 
of the molecule, and is independent of which branch we 
choose to label "branch l", we can obtain expressions anal- 
ogous to (1) in which either branch 2 or 3 is allowed to play 
the role of branch 1. When the chain under consideration is 
branch i followed by branch j ,  the configuration partition 
function will be written as (30a) or (30b). The expression in 

(1) is obtained from (30a) when i = 1, j = 2, and k = 3, and 
it is also obtained from (30b) when i = 1, j = 3, and k = 2. 

As was the case with the transformation matrix, we find 
that l,Uh and IrUn,+n,+l-h may differ, even though they 
are each associated with the same bond in the molecule. 
These statistical weight matrices will not necessarily have 
the same dimensions. The number of columns must be the 
same in each case. I t  is determined by the number of rota- 
tional states available to the bond in question, which is in- 
dependent of the end of the chain at  which numbering 
commences. The number of rows, however, depends upon 
the number of rotational states available to the preceeding 
bond; the bond considered the "preceeding" bond clearly 
depends on the end of the chain a t  which numbering be- 
gins. A convenient intermediate step in the formulation of 
the rectangular matrix IkUn,+l e I,UnL+l is to assemble 
IIUn,+l as an array consisting of rows, columns, and 
layers." The dimensions of this array may also depend on 
the sequence of branches viewed as constituting the chain 
of interest at  the moment. 

Generator Matrices. In analogy to the case of the linear 
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molecule,l* the generator matrix of order s involved in the 
serial multiplication for the property of interest, f ,  will be 
written as ijFh. The generator matrix for ( f )  will be i,Fh, 
which is formulated by a procedure analogous to that re- 
quired for the linear molecule.12 The objective will be to 
properly combine the statistical weights for bond h in 
chain ij being in state LY and the generator matrix ijFh(a) 

appropriate for the bond in the given state. Considerations 
analogous to those for the linear molecule yield the fol- 
lowing: 

must be expanded whenever the rectangular matrix occur- 
ring immediately after the branch point is required. The 
manner in which the expansion is effected is determined by 
the pattern formed by the statistical weights in this rectan- 
gular matrix. The statistical weights for the ith rotational 
state about the first bond in branch 3 occur in columns i, i 
+ 3U1,  L + 2 ( 3 V 1 ) ,  . . . , L + - 1 ) ( 3 U 1 )  of hU1  e 3Ud.l' 
Consequently the desired expansion for (33b) is effected by 
the operation (E,k,,,,+l @ ll~jF'nL+lll), where E8kunr+l  is the 
identity matrix of order identical with the number of rota- 
tional states about bond nI + 1 in the chain formed from 
branches i and k. In contrast, the statistical weights for the 
ith rotational state about the first bond in branch 2 occur 
in columns 1 + (i - 1)3v1, 2 + ( L  - l )3v1 ,  . . . , (i)34 of (zU1 
8 3Ul).11 The appropriate expansion for (33a) will have 
I J F n , + l ( ~ )  written , k v n , + l  times along the diagonal, fol- 
lowed by I k v n , + l  copies of llFn8+1(/3), etc. The resultant 
pseudodiagonal matrix will be symbolized by III jFn,+III  @s,s 

Etku,,+l, and can be viewed as a modification of //IJFn,+l/l @ 
E,bvnz+i in which each IIFn,+l in llI,Fn,+lil plays the role of a 
single element. I n  general, a submatrix consisting of a 
rows and b columns will play the role of an element of B in 
B Bo h C .  For example, if B is a row consisting of four ele- 
ments, and C is a row consisting of two elements, the result 
obtained from B @ I  2 C is: 

The customary direct product corresponds to the case 
where a = b = 1. It  will be understood that a = b = 1 unless 
specification is made to the contrary. 

Additional generator matrices which will prove useful are 
shown in eq 35-38b. 

The only cases in which the above generator matrices ex- 
ceed the dimensions of those required for a linear molecule 
are (33a), (33b), (36a), (36b), (38a), and (38b), i.e., whenev- 
er the rectangular matrix immediately following the branch 
point is required. 

Mean-Square Dipole Moment. The pseudodiagonal 
matrix III,Fh I! is constructed from l l G ~ l ,  with replacing 
,,bZ. Evaluation proceeds via (13), yielding (39). The sub- 

traction of the last three terms is required in order to cor- 
rect for the double counting of the contribution of each 

branch during the evaluation of the contributions from the 
chains in the first three terms. 

Mean-Square Optical Anisotropy. In this case i,Ph is 
used to form (Il,Fh 1 1 .  Evaluation of (r2)o via (15) yields an 
expression nearly identical with (39). I t  is only necessary to 
substitute ( y ' ) ~  for ( f i L % ) o  on the left side and multiply the 
right side by 1.5. 

Mean-Square Radius of Gyration. The mean-square 
radius of gyration requires that the pseudodiagonal matrix 
llr,Fh 11 be constructed from 1,Sh. Evaluation of ( s 2 ) o  pro- 
ceeds via (29), yielding (40). The first three terms in (40) 



52 Mattice Macromolecules 

represent the contributions from the three possible chains, 
ignoring the atom at the branch point in the chain formed 
by branches 2 and 3, and the last three terms correct for 
the double counting of the r h k 2  when h and k are in the 
same branch. 

The expressions in (39) and (40) permit the evaluation of 
(y2)o, ( F ~ ) o ,  and ( s 2 ) 0  for a macromolecule consisting of 
three branches which emanate from a common atom. The 
general procedures outlined here can also be applied to 
more highly branched molecules. In such cases it is suffi- 
cient to simply evaluate the contribution to the desired 
property from all possible chains, with proper consider- 
ation of the branch point, and then subtract the appropri- 
ate terms in order to compensate for multiple counting. 
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Appendix 
Generator Matrix for the Radius of Gyration of a 

Linear Molecule in which the Atoms are of Different 
Mass. The generator matrix employed for the radius of 
gyration of a linear molecule in which all of the atoms are 
of the same mass is shown in (A1).12 Information con- 

si = [i ;'gIli (Al) 

Gi = [: 0' :] (A2) 

cerning the length of bond i enters Si through l j ,  li, and ljT, 
and the transformation matrix contains information con- 
cerning the bond angle and dihedral angle.12 No informa- 
tion is provided concerning the mass of the atoms at  the 
ends of bond i. Consequently the computation of s2  for a 
particular conformation via (A3)12 corresponds to the case 

s2 = (n + 1)'2SCiS2(n-2)Sn, (A3 ) 

where the n + 1 atoms are treated as though they are of 
equal mass. 

In cases where it is desirable to be able to treat chains in 
which the effective masses associated with the atoms are 
not identical, the appropriate effective mass for atom i will 
be denoted by m,. It  may be the actual mass of an atom, or 

1 21TT Z2 

i 

group of atoms, or it may represent an effective scattering 
factor, depending upon the application. The square of the 
radius of gyration for a particular conformation is then 
given by (17). Substitution of the relationship in (A4) for 

in (17) produces (A5). The appropriate generator ma- 

(A4) (J-i-Z)G, 
vij2 = GCiiiGi.2 J 1  

j - i > 2  

trix can be formed from (A5) in analogy to the mannerL2 in 
which ( A l )  is constructed from (A6). The result is (A7), 

[: :$-iGCi : z i - iZ i2~7~ i  (A6) 

si = 0 Gi G i I ~ i i  ] (A71 

and the corresponding radius of gyration is calculated via 
(A8). Averaging over configurations to obtain ( s 2 ) 0  can be 

accomplished using procedures described by FloryL2 to ob- 
tain (s2)0 for a linear molecule in which the atoms are of 
identical mass. 
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